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locationsnear the bottompart of the cavity.The discrepanciescould
be due to the large conduction error in the temperature readings re-
ported in the experiment.This is becausethe velocitiesin that region
are small. In addition, the experiment shows that at x D 1:0, as the
height along the z axis increases, the relative temperature corre-
spondingly increases. This has also been observed in the computed
results. The small discrepancies could be due to the assumption of
the constant thermophysical properties.

The effect of grid density on the solution is shown in Fig. 2
by considering mesh sizes of 72 £ 24 £ 12, 120 £ 40 £ 20, and
168 £ 56 £ 28 and by considering the converged values of the tem-
perature at the location (x , y, z) D (1.44, 0.80, 5.06). The various
convergence curves begin at the initial ambient temperature of
2 D 0:5, and as the grid is re� ned, the temperature approaches the
value of 0.8, which corresponds to the experimental measurement.
The 168 £ 56 £ 28 grid gives the temperature value of approxi-
mately 0.79, with a 1.25% error. Further increase in the grid size
beyond this size does not improve the value signi� cantly.

Figure 3a shows the computed velocity vector � eld, and Fig. 3b
shows the corresponding temperature contours on the middle y–z

plane at x D 1:00, from which a recirculating� uid � ow near the top
of the cavity and a small secondaryvortex just above the recirculat-
ing � ow can be seen. This is caused by the entrapmentof the pocket
of � uid in the corner.As a temperaturegradientis introducedinto the
� ow, buoyancy effects will cause the � ow of the � uid to be directed
upward in the positive z direction.This buoyancyeffect can be seen
clearly in the vicinity of the hot wall, where the temperature Th is
imposed. It can be seen that the � ow� eld is divided into two distinct
regions, the downward � ow on the cooler side of the cavity and the
upward � ow on the hotter side. At about y D 0:4, it can be seen that
the � ow is virtually stagnant. The � ow that is moving downward is
driven mainly by inertia, whereas the � ow that is moving upward is
drivencompletelyby buoyancy.The numericalresultscomparewell
with the � ow� eld contours based on the experimental data and the
method has captured the relevant thermo� uid physics of convective
� ows very well. Detailed results of the simulation can be found in
Chong and Damodaran.10

Conclusions
In this study, the Godunov-projection method has been used to

solve for the viscous incompressible � ow with heat transfer in a
lid-driven cavity. This projection method circumvents the problem
arising from the lack of the time dependency of the density in the
continuity equation. The energy equation is included with the mo-
mentum equations to solve the temperature � eld. The comparison
between the numericalresultsand the experimentaldata shows good
agreement thereby demonstrating the feasibility of using this algo-
rithm for � uid � ows with heat transfer. The maximum percentage
error is about 10% and is mostly due to the large conduction error
at the bottom of the cavity. The numerical simulation of the cavity
� ow reveals clearly the viscous effects at the wall boundaries and
the shearforceat the moving lid boundary.Grid convergencestudies
indicate that a grid size of 168 £ 56 £ 28 and above is required to
obtain numerical results that are within 1.25% of the experimental
results. The present study has only focused on the feasibility of
the numerical scheme to study steady-state convective � ows. Fu-
ture work will address the more general unsteady cavity � ow in
which perturbationswill be imposed on the boundary conditions to
simulate unsteady thermal and � ow effects and the steady-state so-
lutions obtainedhere will be used as the initial conditionsto capture
the evolving unsteady � ow� elds. The assumption of constant � uid
properties will be discarded, and the governing equations will be
modi� ed to take into account the temperature dependency by way
of coupling.
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Introduction

S EPARATED and reattached � ow occurs in many heat-
exchanging devices, such as electronic and power generating

equipment and dump combustors. A great deal of mixing of high-
and low-energy � uid occurs in the separated and reattached � ow
regions, thus impacting signi� cantly the heat transfer performance
of these devices. Studies on separated � ow have been conducted
extensively during the past decades, and the backward-facing step
geometry has received most of the attention.1¡3 The majority of
publishedwork dealt with the two-dimensional � ow, and compara-
tively little is published about the three-dimensionalnonisothermal
case. Such knowledge is critical for optimizing the performance of
physical heat-exchangingdevices because they have mostly three-
dimensionaland nonisothermal� ow. Forced convectionresultshave
been reported for a duct with an aspect ratio of 12 by Pepper and
Carrington4 and with an aspect ratio of 8 by Armaly et al.5 To the
authors’ knowledge, the work of Iwai et al.6 on the effects of duct
inclination angle on heat transfer for a duct with aspect ratio of 16
and the work of Li and Armaly7;8 on mixed convection in a duct
with an aspect ratio of 8 are the only published three-dimensional
results that incorporate the buoyancy force in the analysis for this
simple geometry.
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Problem Statement and Numerical Procedures
Three-dimensional,mixed convection� ow adjacentto backward-

facing step is numerically simulated, and a schematic of the calcu-
lation domain is shown in Fig. 1. The upstream height of the duct
h is 0.01 m, the downstream height H is 0.02 m, and its width W
is 0.08 m. This geometry provides a backward-facing step height
S of 0.01 m, an expansion ratio [ER D H=.H ¡ S/] of 2, and an
aspect ratio (AR D W=S) of 8. Because of the symmetry of the � ow
in the spanwise direction, the width of the computational domain
is chosen as one-half of the actual width of the duct (L D 0.04 m).
The streamwise length of the computational domain is chosen as
0.02 and 0.5 m upstream and downstream of the step, respectively,
that is, ¡2 · x=S · 50. The origin of the coordinate system is lo-
cated at the bottom corner of the step and sidewall, as shown in
Fig. 1. By the use of the constant property assumption and the
Boussinesq approximation, the steady three-dimensional Navier–
Stokes and energy equations are solved, together with the continu-
ity equation, using a � nite volume method9 to simulate the thermal
and the � ow� elds (where T is temperature and u, v, and w are
velocity components in coordinate directions x , y, and z/. Li and
Armaly7 give details of the formulation.The physicalpropertiesare
treated as constants and evaluated for air at the inlet temperature
of T0 D 20±C, that is, density ½ is 1.205 kg/m3 , dynamics viscosity
¹ is 1.81 £ 10¡5 kg/m ¢ s, speci� c heat Cp D 1005 J/kg ¢ ±C, ther-
mal conductivityk is 0.0259 W/m ¢ ±C, and ¯ D 0.00341 K¡1 . Inlet
� ow at x=S D ¡2 is considered to be isothermal (T0 D 20±C), hy-
drodynamically steady, and fully developed.10 A no-slip boundary
condition (zero velocities) is applied to all of the wall surfaces. A
thermallyadiabaticboundaryconditionis speci� ed at all of thewalls
with the exception of the downstream stepped wall, which is sup-
plied with a uniform heat � ux qw . The uniform heat � ux boundary
conditionat the downstreamsteppedwall is varied to investigatethe
effectsof buoyancy[i.e., theGrashofnumber(Gr D ½2g¯qw S4=¹2k,
where g is gravitational acceleration)], on the � ow and heat trans-
fer. A symmetry condition is imposed at the center width of the
duct, and a fully developed condition is imposed at the exit section
(x=S D 50).

A detailed description of the numerical scheme, grid distribu-
tion, grid independence tests, and convergence criteria that were
used in this simulation can be found in Ref. 8. All calculations
were performed on a Gateway PIII 933 desktop computer, with one
iteration requiring approximately 14.98 s when the total number

Fig. 1 Schematic of the computation domain.

Table 1 Starting locations (x, y, z) of the streamlines

Number Gr D 0 Gr D 1000 Gr D 4000

1 (¡2, 1.834, 0.040) (¡2, 1.825, 0.067) (¡2, 1.920, 0.088)
2 (¡2, 1.813, 0.047) (¡2, 1.819, 0.068) (¡2, 1.600, 0.010)
3 (¡2, 1.848, 0.042) (¡2, 1.799, 0.044) (¡2, 1.936, 0.086)

Fig. 2 Comparison of measured and predicted xu lines on y/S = 0.01.

of grid points was about 1:5 £ 105 . The laser Doppler velocimeter
measurements11 in the simulated geometry at Reynolds numbers of
Re D 98.5 and 343 (Re D 2½u0h=¹, where u0 is the average inlet
velocity) were used for validating the developed computer code. A
very good comparison between measured and predicted xu lines,
where the streamwise velocity component is zero on a plane ad-
jacent to the heated wall (y=S D 0:01), was obtained, as shown in
Fig. 2. This provided code validation for exploring the effects of
buoyancy force on the � ow and heat transfer characteristics in this
geometry. A Reynolds number of 200 was selected for this study to
cover a range of buoyancy force between 0 · Gr=Re2 · 0:1, while
maintaining laminar � ow conditions in the duct.

Results and Discussions
The present work is an extension to the one reported by Armaly

et al.5 dealing with forced convection in the same geometry. This
study is focused on examining the effects of buoyancy on the � ow
and heat transfer characteristics. Figures 3 and 4 demonstrate the
effects of the Grashof number on the � ow patterns with the aid of
streamlines. The streamlines in Fig. 3 illustrate the various � ow-
paths followed by massless particles that start at the inlet plane
close to the sidewall. Different streamlines are selected for each of
Figs. 3a–3c to capture the � ow features for various Grashof num-
bers. The starting points for these streamlines at the inlet plane are
listed in Table 1. For forced convection � ow (Gr D 0) in Fig. 3a,
the streamlines capture the swirling � ow that develops inside the
primary recirculation� ow region and the reverse � ow that develops
adjacent to the sidewall. In Fig. 3a, the primary recirculationregion
can be seen clearly as captured by interpolating between limiting
streamlines. The limiting streamlines that are shown in Fig. 4 at
y=S D 0.01 are used to identify the outer boundary of the primary
recirculation � ow region, xb , and that is presented as a dashed line
in Fig. 3. This boundary, xb , is determined by the criterion that the
streamlines on both sides of this boundary line move in opposite
directions: The streamlines upstream from this line � ow upstream
toward the step, and the streamlinesdownstreamfrom this line � ow
downstream and away from the step. This boundary line xb is dif-
ferent from the zero-mean streamwise velocity that is presented in
Fig. 2, line xu , due to the strong spanwise velocity component that
develops close to the step in this three-dimensional� ow. These two
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a)

b)

c)

Fig. 3 Effects ofGrashofnumberon � ow patterns (streamlines)down-
stream from the step.

lines, xu , and xb , are different from each other for three-dimensional
� ow, but they are identical to each other for the two-dimensional
� ow, that is, at the center of a duct with large aspect ratio.

The results in Fig. 3 show that the primary recirculation region
(region bounded by line xb) decreases in size as the Grashof num-
ber increases and almost disappears for the large Grashof number
of 4000. For that large Grashof number (Fig. 3c), the recirculation
region is partially lifted away from the heated stepped wall by the
buoyancy-inducedstreamwise � ow. The streamlines in Fig. 3c near
the heatedwall andaway from the sidewall areventeddirectly(with-
out reversing their directions) to the main � ow at the center of the
duct. Similarly, the magnitude of the swirling � ow in that region
decreases as the Grashof number increases due to the associated
increase of buoyancy-inducedstreamwise � ow.

Limiting streamlines adjacent to the stepped wall (y=S D 0.01),
the sidewall (z=L D 0.01), and the � at wall (y=S D 1.99) are pre-
sented in Fig. 4. Note that the � at wall is arti� cially raised away
from its positionto facilitatethe viewingof the sidewall and stepped
wall. The “source” point that appears in the limiting streamlines on
the y plane adjacent to the stepped wall (y=S D 0.01 in Fig. 4) is the
impingement region of the “jetlike” � ow5 that develops in the sepa-
rating shear layer.This impingement regionmoves upstreamtoward
the step as the Grashof number increases. Figure 4a also illustrates
that, after the impingement of the jetlike � ow, some streamlines are
re� ected sharply sideways toward the sidewall and upward toward
the � at wall, to form a reverse � ow region adjacent to the sidewall.
The results in Fig. 4 also illustrate how some of these re� ected
streamlines impinge (source point) on the � at wall (y=S D 1.99),
creating a reverse-� ow region at the corner between the sidewall

a)

b)

c)

Fig. 4 Limiting streamlines adjacent to a) the stepped wall (y/S = 0.01),
b) the sidewall (z/L = 0.01), and c) the � at wall (y/S = 1.99).

and the � at wall. The � ow reverses its direction after it impinges on
the � at wall and � ows upstream toward the step due to the negative
pressure gradient that is created from the sudden expansion. This
� ow reverses its direction again, thus forming reverse-� ow regions
adjacent to the sidewall and � at wall, and � ows in the downstream
direction. For low Grashof numbers, the reverse-� ow region that
develops at the upper corner of the sidewall is separated from the
primary recirculation� ow region, as shown in Fig. 4a, but these two
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regions become connected for higher Grashof numbers as shown in
Figs. 4b and 4c. The depthof the reverse-�ow region in the spanwise
direction extends to approximately15% of the duct’s half width for
Gr D 0, but it extends to approximately40% of the duct’s half width
at Gr D 4000.

Nusselt number [Nu D qw S=k.Tw ¡ T0/, where Tw is wall tem-
perature] distributions on the heated stepped wall are presented in
Fig. 5. The jetlike � ow impingementlocationand the locationwhere
the Nusselt number is at a maximum are also shown in Fig. 5, and
they appear to develop in the same general region near the sidewall.
The development of this peak in the Nusselt number distribution
near the sidewall is directly due to the jetlike � ow that develops in
the separating shear layer and impinges in that region. The peak

Fig. 5 Effects of Grashof number on the Nusselt number distribution
(y/S = 0).

Fig. 6 Effects ofGrashofnumberof the frictioncoef� cient distribution
(y/S = 0).

in this Nusselt number distributionmoves upstream toward the step
and closer to the sidewall as the Grashofnumber increases.The peak
Nusselt number increases from 1.85 at Gr D 0 to 2.8 at Gr D 4000.

Distributions of the friction coef� cient fC f D 2¿w =.½u2
0/, where

shear stress ¿w D ¹
p

[.@u=@y/2 C .@w=@y/2]g on the stepped wall
are shown in Fig. 6. The two-dimensional behavior that occurs in
the small region near the center of the duct for a zero Grashof num-
ber disappears as the Grashof number increases. The jetlike im-
pingement location is a singular point with both zero streamwise
velocity component u and zero spanwise velocity component w,
and the friction coef� cient at that point has its minimum value of
zero. This location (impingementpoint) moves upstream and closer
to the sidewall as the Grashof number increases. The location of
the impingement point (zero friction coef� cient) occurs upstream,
closer to the step, from the location where the Nusselt number has
its peak value as identi� ed in Fig. 6.

Conclusions
Numerical simulations of three-dimensional,laminar, buoyancy-

assisting mixed convection � ow adjacent to a backward-facingstep
in a duct are presented to demonstrate the in� uence of the Grashof
number on the � ow behavior, distributions of the Nusselt number,
distributionsof the friction coef� cient, and the reverse-�ow regions
that develop adjacent to the duct’s walls. Increasing the Grashof
number results in an increase in the Nusselt number and the size of
the reverse-� ow regions adjacent to the sidewall and the � at wall.
On the other hand, the size of the primary recirculation � ow re-
gion adjacent to the stepped wall decreases and detaches partially
from the heated stepped wall as the Grashof number increases.The
reverse-� ow region that developsadjacent to the sidewall is not con-
nected to the primary recirculation � ow region for the cases of low
Grashof number (Gr D 0 and 500) but becomes connected to that
region at higher Grashof numbers. The locations where the Nusselt
number is at a maximum and where the friction coef� cient is at a
minimum move upstream toward the step and closer to the sidewall
as the Grashof number increases. The peak Nusselt number occurs
downstream from the location where the friction coef� cient is at a
minimum (equal to zero) where the jetlike � ow impinges onto the
stepped wall.
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Introduction

T HE shock standoff distance ±s in a blunt-body stagnation re-
gion (Fig. 1) is sensitive to the thermochemistry within the

shock layer1 and, hence, an important observable in hypervelocity
test facilities.2 Although numerical codes are available to predict
±s , they are expensivefor engineeringparametric studies and do not
yield physical insight and similitude laws needed for experimental
design and data interpretation. On the other hand, existing analyti-
cal methods may not permit extension to include multitemperature
ionization. The present paper examines a new analytical theory3

of shock standoff with a nonequilibrium-dissociated shock layer to
demonstrate a generalizedbinary scaling property for high-altitude
hypervelocity � ight simulation work.

Theoretical Formulation
We consider a blunt nose region at zero angle of attack under the

following assumptions (Fig. 1): 1) The postshock static pressure is
a known constant across the shock layer. 2) The tangential velocity
componentis of the form U ¼ ¯S x , where ¯S is an appropriatelyde-
� ned known constantequal to the effective stagnationpoint velocity
gradientre� ecting theU .y/ variation.3) Low Reynoldsnumbervis-
cous shock layer effects are negligible. For shock layer Reynolds
numbersabove300 (pertainingto manyapplications),theseassump-
tions are suf� cient to model the main aerothermochemical aspects
of the � ow along the stagnation line x ! 0.

Regardlessof the gasor its chemistry,continuityyieldsthe normal
velocity component V as

½.y/V .y/ D ¡.1 C J /¯S

Z y

0

½ dy (1)

where J D 0, 1 for two-dimensional or axisymmetric � ow, respec-
tively. When the density-stretchedcoordinate ´ is introduced,

´ ´ .1 C J /
¯S RB

U1

Z y

0

½

½1
d

³
y

RB

´
(2)
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Fig. 1 Schematic of blunt-body stagnation shock layer.

Eq. (1) yields simply ½V D ¡½1U1´. Because ½V D ¡½1U1 be-
hind the shock, ´ D 1 is, thus, the shock location regardless of the
� ow chemistry or dimensionality. The physical standoff distance
±S D .y/´ D 1 by Eq. (2) is then

±S

RB
D

³
U1

¯S RB

´ÁZ 1

0

³
½1

½

´
d´

¿
.1 C J /

!

(3)

Equation (3) shows that once the density pro� le ½.´/ is found using
the species, energy, and state equations, one integrationyields ±s in
a convenientnondimensionalform.

For dissociation involving the net formation of an atom mass
fraction ®, we have along the stagnation line (neglecting diffusion)
that ½V d®=dy D Pw® , where Pw® is the net chemical rate of atom
mass formation per unit volume. Then applying Eq. (2), we obtain
the nondimensional equation

´
d®

d´
D

¡. Pw®=½/

.1 C J /¯S
D

¡.RBU1/. Pw® ½/

.1 C J /.¯S RB =U1/
(4)

where both Pwa=½ and U1=RB have the same units of reciprocal
time.

Application to Dissociating Diatomic Gases
We now considerthespeci� c caseof a diatomicgas thatundergoes

the dissociation–recombination reaction

A2 C M
kD
!
Ã
kR

2A C M (5)

where M is a third body (molecule A2 or atom A), kD is the dis-
sociation rate, and kR is the recombinationrate. The corresponding
Pw® is formulated from the law of mass action combined with the
principle of detailed balancing and the use of the usual mole-mass
fraction relationship, giving Eq. (4) as3

´
d®

d´
D

¡kD A2½1 RBU1

2.1 C J /Ru T ¸

r
.1 ¡ "F /

2"F

»
1 C

µ
2

³
kD A

kD A2

´
¡ 1

¶
®

¼

£ .1 C ®/¡1

»
.1 ¡ ®/ ¡

³
4½RA2T

Keq

´
®2

¼
(6)

where "F D ½1=½F , kD A2 ´ CT N e¡TD =T , c j are mass fractions
[cA D ®, cA2 D .1 ¡ ®/], and Keq D pref.T=Tref/

se¡.TD =T / in terms
of the parameters pref , Tref, s, and the dissociation temperature TD .

The density½ can be expressed in terms of ®, the pressure p, and
the mixture temperature T by the equation of state, which on use of
Dalton’s law becomes

p D ½.Ru=MA2/T .1 C ®/ (7)


